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1 Introdu
tion

The �rst use of rational Krylov methods was for the solution of large sparse

eigenvalue problems Ax = λBx , where A and B are N ×N matri
es and (λ, x )
are the wanted eigenpairs; see [3, 4, 5, 6℄. Let b be an N × 1 ve
tor and

m a positive integer. The rational Krylov spa
e Qm+1(A, b, qm) is de�ned as

Qm+1(A, b, qm) = qm(A)−1span{b, Ab, . . . , Amb}. Here, qm is a polynomial of

degree at most m having roots ξ1, . . . , ξm, 
alled poles of the rational Krylov

spa
e. If qm is a 
onstant nonzero polynomial, then Qm+1(A, b, qm) is a stan-

dard (polynomial) Krylov spa
e.

The rational Arnoldi method [4, 5℄ 
an be used to 
ompute an orthonormal

basis Vm+1 of Qm+1 su
h that a rational Arnoldi de
omposition AVm+1Km =
BVm+1Hm is satis�ed, where Hm and Km are upper Hessenberg matri
es of

size (m+ 1)×m.

In the following we initialize two matri
es for the pen
il (A,B) and plot the full

spe
trum Λ(A,B). For simpli
ity we take B = I and 
hoose a rather small size

to be able to 
ompute all eigenvalues exa
tly.

load west0479

A = west0479 ;

B = speye (479);

ee = eig(full(A), full (B)); % Cannot do this for larger matri
es !

figure , plot(ee , 'ko', 'linewidth ', 2), hold on

title('eigenvalues of (A,B)')

legend('exa
t eigenvalues ')

1



−150 −100 −50 0 50 100 150
−2000

−1500

−1000

−500

0

500

1000

1500

2000
eigenvalues of (A,B)

 

 
exact eigenvalues

We now 
onstru
t a rational Krylov spa
e with m = 10 poles all set to zero,

i.e., we are interested in the generalized eigenvalues of (A,B) 
losest to zero.

The inner produ
t for the rational Krylov spa
e 
an be de�ned by the user, or

otherwise is the standard Eu
lidean one. (Sin
e B = I in this example, the two


oin
ide.)

rng (0);

b = randn (479 ,1);

m = 10;

xi = repmat(0, 1, m);

param.inner_produ
t = �(x,y) y'*B*x;

[V, K, H℄ = rat_krylov (A, B, b, xi , param);

warning off , nrmA = normest(A); nrmB = normest (B); warning on

We 
an easily 
he
k the validity of the rational Arnoldi de
omposition by veryf-

ing that the residual norm is 
lose to ma
hine pre
ision:

disp (norm (A*V*K - B*V*H)/( nrmA + nrmB ))

1.8838e-13

The basis Vm+1 is 
lose to orthonormal too:

disp (norm (param.inner_produ
t (V, V)-eye(m+1)))

8.1618e-16
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2 Extra
ting approximate eigenpairs

A 
ommon approa
h for extra
ting approximate eigenpairs from a sear
h spa
e

is by using Ritz approximations or variants thereof. Let C be an N ×N matrix,

and X an N ×m matrix. The pair (ϑ, y ≡ Xz ) is 
alled a

� Ritz pair for C with respe
t to R(X) if Cy − ϑy ⊥ R(X);
� harmoni
 Ritz pair for C with respe
t to R(X) if Cy − ϑy ⊥ R(CX).

Assume that B is nonsingular. It follows easily (see [1, Lemma 2.4℄ and [2,

Theorem 2.1℄) from AVm+1Km = BVm+1Hm and the de�nition of (harmoni
)

Ritz pairs given above that

� Ritz pairs (ϑ, y ≡ Vm+1Kmz ) for B−1A with respe
t to R(Vm+1Km)
arise from solutions of the generalized eigenvalue problem Km

∗Hm z =
ϑKm

∗Km z . Sin
e Km is of full rank, Km
∗Km is nonsingular, and we


an equivalently solve the standard eigenvalue problem Km
†Hm z = ϑz ;

� harmoni
 Ritz pairs (ϑ, y ≡ Vm+1Kmz ) for B−1A with respe
t to

R(Vm+1Km) arise from solutions of the generalized eigenvalue problem

Hm
∗Hm z = ϑHm

∗Km z . Sin
e Hm is of full rank, Hm
∗Hm is non-

singular, and we 
an equivalently solve the standard eigenvalue problem

Hm
†Km z = λz , and take ϑ = 1

λ
.

[Xr , Dr℄ = eig(K\H);

[Xh , Dh℄ = eig(H\K);

ritz = diag (Dr);

harmoni
_ritz = 1./ diag (Dh );

plot (real (ritz ), imag (ritz ),'bx', 'linewidth ', 3)

plot (real ( harmoni
_ritz ), imag (harmoni
_ritz ),'m+', 'linewidth ', 2)

axis ([-0.02, 0.02, -0.1, 0.1℄)

legend('exa
t eigenvalues ', ...

'Ritz approximations ', ...

'harmoni
 Ritz ')
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3 A

ura
y of the approximate eigenpairs

We 
an evaluate the a

ura
y of the (harmoni
) Ritz pairs from the relative

residual norm

‖Ay−ϑBy‖2

(‖A‖2+|ϑ|‖B‖2)‖y‖2

. From the rational Arnoldi de
omposition

AVm+1Km = BVm+1Hm we have Ay − ϑBy = AVm+1Kmz − ϑBVm+1Kmz =
BVm+1(Hm − ϑKm)z . Hen
e, a 
heap estimate of the a

ura
y of an approxi-

mate eigenpair is the norm ‖(Hm−ϑKm)z‖2. If this norm is small 
ompared to

‖B−1A‖2, we have 
omputed an eigenpair of a nearby problem. It seems that

in this example two eigenpairs have already 
onverged to very high a

ura
y:

approx_residue = �(X) arrayfun (�(i)norm (X(:, i)), 1: size (X, 2));

approx_res = [ approx_residue (H*Xr -K*Xr*Dr).' ...

approx_residue (H*Xh -K*Xh*diag ( harmoni
_ritz )). '℄;

disp (approx_res )

4.7905e-03 3.8999e-15

4.7905e-03 7.1637e-13

4.2265e-03 3.1053e-02

4.2265e-03 3.1053e-02

5.8541e-03 1.1477e-02

5.8541e-03 1.1477e-02

5.9209e-03 8.5168e-03

5.9209e-03 8.5168e-03

1.4175e-13 1.6478e-02

1.8184e-11 1.6478e-02
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4 Expanding the rational Arnoldi de
omposition

Let us perform 8 further iterations with rat_krylov, with 2 repeated poles

being the harmoni
 Ritz eigenvalues expe
ted to 
onverge next. Sin
e the poles

appear in 
omplex-
onjugate pairs, we 
an turn on the real �ag for rat_krylov

and end up with a real-valued quasi rational Arnoldi de
omposition [6℄.

[~, ind℄ = sort (approx_res (:, 2));

xi = repmat( harmoni
_ritz (ind ([3, 4℄))', 1, 4);

param.real = 1;

[V, K, H℄ = rat_krylov (A, B, V, K, H, xi , param);

Let us 
he
k the residual norm of the extended rational Arnoldi de
omposition,

and verify that the de
omposition has the original 10 poles at zero, and the

newly sele
ted 8 poles.

disp (norm (A*V*K - B*V*H)/( nrmA + nrmB ))

1.8857e-13

disp (util_pen
il_poles (K, H).')

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

0.0000e+00 + 0.0000e+00i

2.8261e-04 + 1.2537e-02i

2.8261e-04 - 1.2537e-02i

2.8261e-04 + 1.2537e-02i

2.8261e-04 - 1.2537e-02i

2.8261e-04 + 1.2537e-02i

2.8261e-04 - 1.2537e-02i

2.8261e-04 + 1.2537e-02i

2.8261e-04 - 1.2537e-02i

Finally, the (improved) 18Ritz pairs are evaluated, both standard and harmoni
.

[Xr , Dr℄ = eig(K\H);

[Xh , Dh℄ = eig(H\K);

ritz = diag (Dr);
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harmoni
_ritz = 1./ diag (Dh );

approx_res = [ approx_residue (H*Xr -K*Xr*Dr).' ...

approx_residue (H*Xh -K*Xh*diag ( harmoni
_ritz )). '℄;

disp (approx_res )

3.3696e-05 8.4683e-16

3.3696e-05 1.9699e-15

3.9384e-05 1.0424e-08

1.5414e-05 1.0424e-08

1.5414e-05 1.1855e-06

2.2850e-05 7.6957e-06

2.2850e-05 9.4987e-07

4.9662e-05 9.4987e-07

4.9662e-05 1.3599e-04

1.5419e-04 1.3599e-04

1.5419e-04 4.3715e-04

3.3418e-04 4.3715e-04

1.3569e-06 6.1547e-04

1.3569e-06 6.1547e-04

8.1534e-07 8.9384e-05

8.1534e-07 8.9384e-05

5.9537e-13 1.9097e-08

6.4091e-13 1.9097e-08

figure , plot(ee , 'ko', 'linewidth ', 2), hold on

plot (real (ritz ), imag (ritz ),'bx', 'linewidth ', 3)

plot (real ( harmoni
_ritz ), imag (harmoni
_ritz ),'m+', 'linewidth ', 2)

axis ([-0.08, 0.08, -0.1, 0.1℄)

legend('exa
t eigenvalues ', ...

'Ritz approximations ', ...

'harmoni
 Ritz ')
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Harmoni
 Ritz pairs are typi
ally better than (standard) Ritz pairs for interior

eigenvalues, thought this is not yet fully understood. Also, for symmetri
 ma-

tri
es the two sets of Ritz values interla
e ea
h other, and hen
e their distan
e

is not large as ultimately both sets 
onverge to the same eigenvalues.
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